We demonstrate the emergence of selective k-photon interactions in the strong and ultrastrong coupling regimes of the quantum Rabi model with a Stark coupling term. In particular, we show that the interplay between rotating and counter-rotating terms produces k-photon interactions whose resonance frequencies depend on the state of the bosonic mode. We develop an analytical framework to explain these k-photon interactions by using time-dependent perturbation theory. Finally, we propose a method to achieve the quantum simulation of the quantum Rabi model with a Stark term by using the internal and vibrational degrees of freedom of a trapped ion, and demonstrate its performance with numerical simulations considering realistic physical parameters. arXiv:1908.07358v1 [quant-ph] 
Introduction.-Understanding the interactions that emerge among two-level atoms (qubits) and bosonic field modes is of major importance for the development of quantum technologies. The qubit-boson interaction governs the dynamics of distinct quantum platforms such as cavity QED [1] , trapped ions [2] or superconducting circuits [3] , that can achieve the so-called strong coupling (SC) regime. Here, the qubit-boson Rabi coupling g is much smaller than the field frequency, but it is larger than the coupling to the environment. In these conditions, the Jaynes-Cummings (JC) model [4] that appears after applying the rotating wave approximation (RWA) provides an excellent description for the dynamics of the system. On resonance, the frequency of the bosonic mode ω equals the frequency of the qubit ω 0 and the JC model predicts a coherent exchange of a single energy excitation between the atom and the field leading to Rabi oscillations. In the JC model, these Rabi oscillations are restricted to pairs of states typically known as JC doublets. When the qubit-boson coupling increases and reaches the ultrastrong coupling (USC) [5] [6] [7] [8] [9] regime (g/ω 0.1) or the deep-strong coupling (DSC) [10] regime (g/ω 1), the RWA does not hold and the full quantum Rabi model (QRM) has to be considered [11, 12] . Recently, an exact analytical solution for the QRM was proposed [13] . Unlike the JC model, the QRM dynamics does not show clear features until it reaches the DSC regime, where periodic collapses and revivals of the qubit initial state survival probability are predicted [14] .
The QRM with a Stark coupling term, named the Rabi-Stark model [15] (in the following we will also use that denomination) was first considered by Grimsmo and Parkins [16, 17] . On the one hand, the study of its energy spectrum [15, 18, 19] has revealed some interesting features such as a spectral collapse or a first-order phase transition [19] , which connects it with the two-photon QRM [20] [21] [22] [23] or with the anisotropic QRM [24] . On the other hand, dynamical features of the JC model with a Stark coupling term have been studied in the past [25] [26] [27] [28] [29] [30] . Here, the Stark coupling has been proved useful to restrict the resonance con-dition and the Rabi oscillations in a preselected JC doublet, leaving other doublets in a dispersive regime. This selectivity has found applications for state preparation and reconstruction of the bosonic modes in cavity QED [25, 27] or trapped ions [26, 28, 29] . In light of the above, the dynamical study of the full QRM with a Stark coupling term in the SC and USC regimes is well justified.
In this Letter, we study the dynamical behaviour of the QRM with a Stark term, i.e. the Rabi-Stark model, and show that the interplay between the Stark and Rabi couplings gives rise to selective k-photon interactions in the SC and USC regimes. Note that, previously, k-photon (or multi-photon) resonances have been investigated in the context of driven linear qubit-boson couplings [31] [32] [33] [34] [35] [36] , as well as with nonlinear couplings [37] [38] [39] , and have recently found applications for quantum information science [40] . In our case, k-photon transitions appear as higher order processes of the linear QRM, while the Stark coupling is responsible for the selective nature of these interactions. Using time-dependent perturbation theory we characterise these k-photon interactions whose strength scales as (g/ω) k . Moreover, we design a method to simulate the Rabi-Stark model in a wide parameter regime using a single trapped ion. We validate our proposal with numerical simulations which show an excellent agreement between the dynamics of the Rabi-Stark model and the one achieved by the trapped-ion simulator.
The model.-The Hamiltonian of the Rabi-Stark model is
where ω 0 is the frequency of the qubit or two-level system, ω is the frequency of the bosonic field, and γ and g are the couplings of the Stark and Rabi terms, respectively. Note that the Stark term is diagonal in the bare basis |e , |g ⊗|n (where σ z |e = |e , σ z |g = −|g and a † a|n = n|n ), and it can be interpreted as a qubit energy shift that depends on the bosonic state. Conversely, the Stark term can be also understood as a qubit-dependent bosonic frequency shift. If we move to an interaction picture with respect to (w.r.t.) the first three terms in Eq. (1), the system Hamiltonian reads (see supplemental material for additional details [41])
where Ω n = g √ n + 1, δ + n = ω + ω 0 n and δ − n = ω − ω 0 n , with ω 0 n = ω 0 + γ(2n + 1). If γ = 0, these detunings are independent of the state n, and, for |δ + | Ω n and δ − = ω − ω 0 = 0, a resonant JC Hamiltonian H JC = g(σ + a + σ − a † ) is recovered when fast rotating terms are averaged out by invoking the RWA. In these conditions, the dynamics leads to Rabi oscillations between the states |e, n ↔ |g, n+1 for every n, and at a rate proportional to Ω n . Conversely, the case in which |δ − | Ω n and δ + = ω + ω 0 = 0 leads to an anti-JC resonant interaction that interchanges excitations between the states |g, n ↔ |e, n + 1 according to Hamiltonian H aJC = g(σ + a † + σ − a). These interactions are not selective as they apply to all Fock states in the same manner.
The presence of a nonzero Stark coupling γ makes the two previous JC and anti-JC resonant interactions different for each Fock state labelled by n. This allows us to identify a resonance condition that applies only for a selected Fock state n = N 0 , while the rest of Fock states are out of resonance. From Eq. (2) we note that if δ
, the dynamics of Hamiltonian (1) will produce a resonant one-photon JC (anti-JC) interaction only on the subspace {|e , |g } ⊗ {|N 0 , |N 0 + 1 }. This is observed in Fig. 1 , where resonance peaks appear for initial states with different number of bosonic excitations. Here a one-photon JC interaction occurs if ω − ω 0 = γ(2n + 1) i.e. δ − n = 0. While we vary ω 0 in Fig. 1 , we meet this resonance condition for n = 0, 1, 2, 3 that correspond to the four peaks on the left side (solid lines). We can compare them with the peaks drawn with dashed lines that correspond to the case with no Stark coupling (γ = 0). The other two peaks on the right correspond to δ + n = 0 resonances that lead to one-photon anti-JC interactions for n = 1, 2. More specifically, the first and fifth peaks correspond to the transitions |e, 3 ↔ |g, 4 and |e, 3 ↔ |g, 2 . The second and sixth peaks to the |e, 2 ↔ |g, 3 and |e, 2 ↔ |g, 1 transitions, and the third and fourth to |e, 1 ↔ |g, 2 and |e, 0 ↔ |g, 1 . In this figure, we select γ/ω = −0.25 and g/ω = 0.02 and vary the value of (ω − ω 0 )/ω in the x axis, while we maintain γ and ω fixed. For the initial state |e, n , the Hamiltonian in Eq. (1) governs the dynamics during a time t = π/2Ω n , then we calculate σ z and a † a . It is noteworthy to mention that a change in γ or g modifies the distance between peaks and the linewidth of the transition respectively.
As revealed in the introduction, the Rabi-Stark Hamiltonian will not only produce the one-photon transitions discussed above, but also k-photon transitions. Since the terms rotating with δ + n and δ − n do not commute with each other, higher order processes lead to resonant k-photon JC or anti-JC interactions which are selective due to the Stark coupling term. To calculate the resonance conditions for these higher order (1) acts during a time t = π/2Ω n and we calculate a † a for different ratios of ω 0 /ω and initial states |e, 0 (blue), |e, 1 (orange), |e, 2 (purple) and |e, 4 (green) with fixed couplings γ/ω = −0.25 and g/ω = 0.02 (solid lines). If γ = 0, all JC peaks would be at ω − ω 0 = 0 (dashed lines). processes, it is convenient to apply the Dyson expansion series for Eq. (2). As a result, we obtain that the second order Hamiltonian is given by the sum of a time-independent part
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where ∆ e n = Ω 2 n−1 /δ + n−1 − Ω 2 n /δ − n and ∆ g n = Ω 2 n−1 /δ − n−1 − Ω 2 n /δ + n , and a time-dependent part oscillating with frequencies
[41] that is averaged out due to the RWA.
The third order Hamiltonian leads to terms involving threephoton and also one-photon transitions [41] . As we are interested in multiphoton processes, here we focus on the threephoton transitions described by the following Hamiltonian
where
According to this, a JC type threephoton process occurs for |e, N 0 if δ (3) n− = 0 producing an exchange between the states |e, N 0 ↔ |g, N 0 + 3 . For the state |g, N 0 , JC-type transitions to the state |e, N 0 + 3 occur when δ (3) n+ = 0. In the following we will check the validity of these effective Hamiltonians by numerically calculating the dynamics of Hamiltonian (1).
In Fig. 2 (a) we let the system evolve for a time t = π/2Ω (3)
5+
for a fixed value of γ/ω = −0.4 and calculate the average number of photons a † a for different values of ω 0 /ω and couplings g/ω. We do this for the initial state |g, N 0 = 5 , near the resonance point δ (3) 5+ = 3ω + ω 0 + 13γ = 0. We observe that resonances do not appear when δ (3) 5+ = 0, see dashed line on the left, owing to a resonance frequency shift that depends on the value of g. This is explained by the time-independent secondorder Hamiltonian in Eq. (3) which is diagonal in the bare basis. If we move to an interaction picture w.r.t. this Hamiltonian, the oscillation frequencies in Eq. (4) will be shifted tõ
In the XY plane of Fig. (4) (a) we make a grayscale colour plot of log 10 |δ (3) 5+ | as a function of ω 0 and g to see that the minima ofδ (3) 5+ (dark line) is in very good agreement with the point in which the three-photon resonance appears (the logarithm scale is used to better distinguish the zeros ofδ (3) 5+ ). To show that the three-photon interaction applies only to the preselected subspace, in Fig. 2(b) we plot the evolution of initial states |g, 4 and |g, 5 . As expected, the latter exchanges population with the state |e, 8 while the other remains constant. Besides, for g/ω = 0.05 (upper figure) , the transition is slower but most of the population is transferred to |e, 8 at time t = π/2Ω (3) 5+ . For g/ω = 0.1 (lower figure) the exchange rate is much faster but the transfer is not so efficient.
In this context, higher order selective interactions will be produced by the Rabi-Stark model and could in principle be tracked by the calculation of higher order Hamiltonians. However, being a high-order process, its strength decreases with the order k since Ω (k) /ω ∝ (g/ω) k . Then, high-order processes require longer times to be observed which may exceed the decoherence times of the experiment. In any case, we find interesting to study the case for a higher k. Following the same procedure as for calculating Eqs. (3) and (4), we conclude that for even k, the k-th order Hamiltonian will not produce selec- Here, g/ω = 0.1 and γ/ω = 0.9. On the right, time evolution of populations P e,2 and P g,7 for initial state |g, 7 and populations P e,1 and P g,6 for initial state |g, 8 , for ω 0 /ω = −3.227. b) and c) The same procedure with initial state |g, 8 and |g, 9 , where the peaks appears for ω 0 /ω = −5.072 and ω 0 /ω = −6.918. tive interactions as they will average out as a consequence of the RWA. For odd k, the k-th order Hamiltonian predicts a k-photon transition of the form
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and
Using Eqs. (6) and (7) and with the help of numerical simulations, it is easy to find k-photon processes to validate the effective Hamiltonian (5) . Here, numerical simulations are required as the analytic calculation of the exact resonance frequencies of higher order processes rapidly become challenging. For example, for tracking a JC-type five-photon interaction for N 0 , we use the condition δ (5) N 0 − = 0 to retrieve an approximate value for the qubit frequency of ω c 0 = 5ω − γ(2N 0 + 5). Then, we calculate the time evolution governed by Hamiltonian (1) for a time t = π/2Ω (5) N 0 − and plot σ + σ − for different values of ω 0 close to ω c 0 until we find a peak corresponding to the resonant five-photon interaction.
As an example, in Fig. (3) we show these resonances for N 0 = 2, 3 and 4, with g/ω = 0.1 and γ/ω = 0.9. We find resonance peaks for ω 0 /ω = −3.227,−5.072 and −6.918 which are close to the ones obtained with the approximate formula ω c 0 /ω = −3.1,−4.9 and −6.7. In comparison with the three-photon processes, five-photon transitions are slower, and the population transfer to the preselected state is partial for g/ω = 0.1. It is interesting to note that the revival of the initial state as well as the selectivity condition are maintained at the beginning of the USC regime. Note that for ω 0 /ω = −3.227, an exchange between states |g, 7 ↔ |e, 2 occurs while the neighboring states |g, 6 and |e, 1 are completely out of resonance. In this respect, with larger coupling constants such as g/ω ≈ 0.3 one would still get signatures of selectivity, but the interaction will not longer be a JC (or anti-JC) type k-photon interaction as it would involve states out of the selected JC (or anti-JC) doublet.
To experimentally verify our predictions regarding the selective k-photon interactions of the Rabi-Stark model, in the following we propose an experimental implementation of the model.
Implementation with trapped ions.-Trapped ions are excellent quantum simulators [2, 42] , with experiments for the one-photon QRM [43] [44] [45] and proposals for the two-photon QRM [46, 47] . In the following, we will propose a route to simulate the Rabi-Stark model using a single trapped ion, where a laser driving induces an interaction between an electronic transition and the motional degree of freedom. The mechanism chosen to generate the Stark term relies on a carrier drive that contributes with a a † aσ φ term on the Hamiltonian by considering the second order corrections of the Lamb-Dicke (LD) approximation. The coupling constant of this term will depend quadratically on the LD parameter η which is small (η < 0.1) in many trapped ion experiments. For this reason we expect that the dynamics will take longer than for the simulation of the QRM for which the slowest term, i.e. the Rabi coupling term (a + a † )σ x scales linearly with the LD parameter [43] .
The Hamiltonian of a single trapped ion interacting with co-propagating laser beams labeled with j can be written, in an interaction picture w.r.t. the free energy Hamiltonian H 0 = ω I /2σ z + νa † a, as [2] 
σ + e iη(ae −iνt +a † e iνt ) e −i(ω j −ω I )t e iφ j + H.c.
Here Ω j is the Rabi frequency, η and a † (a) are the LD parameter and the creation (annihilation) operator acting on vibrational phonons, ν is the trap frequency, ω j − ω I is the detuning of the laser frequency ω j w.r.t. the carrier frequency ω I , and φ j accounts for the phase of the laser. As a possible implementation of the Rabi-Stark model we consider two drivings acting near the first red and blue sidebands, and a third one on resonance with the carrier interaction ω S = ω 0 . The Hamiltonian in the LD regime, η √ n 1, and after the vibrational RWA approximation, reads
where ω r,b = ω 0 ∓ ν + δ r,b , g r,b = ηΩ r,b /2, φ r,b,S = −π and g S = Ω S 2 (1 − η 2 /2) − Ω S 2 η 2 a † a = Ω 0 2 − γa † a. This dependence of the 
Here
for a detailed derivation of Eq. (10) . Notice that Eqs. (1) and (10) In the following, we carry out numerical simulations to verify the feasibility of the proposed implementation of the Rabi-Stark model with a single trapped ion. For the simulations, we compare the dynamics generated by the Hamiltonian in Eq. (8) with the one of the Rabi-Stark model at Eq. (10) . The results are shown in Fig. 4(a) and (b) for one-photon and three-photon oscillations respectively. Solid green lines correspond to the evolution with Eq. (10) while black squares have been calculated from Eq. (8) . The experimental parameters we use in Fig. (4) (a) are ν = (2π) × 4.98 MHz for the trapping frequency, η = 0.1 for the LD parameter and Ω S = (2π) × 120 kHz for the carrier driving, leading to a Stark coupling of |γ| = (2π) × 0.6 kHz. We consider a Stark coupling of γ/ω R = −0.4, a Rabi coupling of g/ω R = 0.05, and ω R 0 = ω R − γ(2N 0 + 1) with N 0 = 2. To achieve this regime the experimental parameters are Ω r = (2π) × 2.94 kHz, Ω b = (2π) × 3.08 kHz, and Ω DD = (2π) × 114.86 kHz. We observe that with an initial state |+, 2 , there is an exchange of population with the state |−, 3 . In Fig. (4) (b) we show that selective three-photon oscillations of the Rabi-Stark model can be observed in some milliseconds. Starting from |+, 3 , we can observe coherent population exchange with state |−, 0 . Here, the LD parameter is η = 0.05 and the parameters of the model are γ/ω R = 0.1, g/ω R = 0.3 and ω R 0 /ω R = −2.4385 for which we require Ω r = (2π) × 35.2 kHz, Ω b = (2π) × 36.9 kHz, and Ω DD = (2π) × 123.5 kHz. Although in the previous case we have focused on the Rabi-Stark model in the strong and ultrastrong coupling regime, it is noteworthy to mention that our method is still valid for larger ratios of g/ω. Thus, our method represents a simple and versatile route to simulate the Rabi-Stark model in all important parameter regimes. 
where σ z , σ + , σ − are operators of the two-level system and a † and a are infinite dimensional creation and annihilation operators of the bosonic field. Using the ket-bra notation, the two-level matrices are σ + = |e g|, σ − = |g e| and σ z = |e e| − |g g| where |e and |g the excited and ground states of the two level system, respectively. On the other hand, the bosonic operators can be written as
where |n is the n-th Fock state. With this notation, the Hamiltonian in Eq. (S1) can be rewritten as
ω e n |e e| ⊗ |n n| + ω g n |g g| ⊗ |n n| + Ω n (|e g| + |g e|) ⊗ (|n + 1 n| + |n n + 1|).
where ω e n = (ω + γ)n + ω 0 /2, ω g n = (ω − γ)n − ω 0 /2 and Ω n = g √ n + 1. We can move to an interaction picture with respect the diagonal part of Eq. (S4), and the non-diagonal elements will rotate as U 0 AU † 0 = n,n e iω e n t|e e|⊗|n n| e iω g n t|g g|⊗|n n| Ae −iω e n t|e e|⊗|n n | e −iω g n t|g g|⊗|n n | ,
which lead to Ω n (σ + e iδ n+ t + σ − e iδ n− t ) ⊗ |n + 1 n| + Ω n (σ + e −iδ n− t + σ − e −iδ n+ t ) ⊗ |n n + 1| (S10) which corresponds to Eq. (2) in the main text.
B. Third-order Hamiltonian
The third order Hamiltonian is calculated by (S23)
Following the same notation of the previous section, the third order Hamiltonian is If we focus on the three-photon resonances, the following Hamiltonian contains them
The contribution of the two-level operators can be easily calculated by noticing that from S n+2 (t)S n+1 (t )S n (t ) = (σ + e iδ + n+2 t + σ − e iδ − n+2 t )(σ + e iδ + n+1 t + σ − e iδ − n+1 t )(σ + e iδ + n t + σ − e iδ − n t ),
only the following two terms are not zero (notice that σ 2 ± = 0) S n+2 (t)S n+1 (t )S n (t ) = σ + e iδ + n+2 t e iδ − n+1 t e iδ + n t + σ − e iδ − n+2 t e iδ + n+1 t e iδ − n t .
After calculating the integral we obtain that the Hamiltonian is
where δ (3) +n = δ + n+2 + δ − n+1 + δ + n = 2ω + δ + n+1 and δ (3) −n = δ − n+2 + δ + n+1 + δ − n = 2ω + δ − n+1 . Ignoring the resonances δ + n+2 or δ − n+2 that correspond to the first-order processes, and 2(ω ± γ) which is only zero at the point of the spectral collapse we are leaved with
where the 3-photon Jaynes-Cummings and anti-Jaynes-Cummings resonances are easily identified as δ (3) n+ = 0 and δ (3) n− = 0 respectively. In a simplified way, Eq. (S30) is rewritten as
where Ω (3) n+ = g 3 √ (n + 3)(n + 2)(n + 1)/2δ + n (ω − γ) and Ω (3) n− = g 3 √ (n + 3)(n + 2)(n + 1)/2δ − n (ω + γ), as shown in the main text.
II. DERIVATION OF THE RABI-STARK HAMILTONIAN IN TRAPPED IONS
In this section we will explain in detail how to go from Eq. (9) to Eq. (10) in the main text. Eq. (9) reads H A (t) = −i ηΩ r 2 aσ + e −iδ r t − i ηΩ b 2 a † σ + e −iδ b t + e iφ S g S σ + + H.c.
At this point the vibrational RWA has been applied, however for a precise understanding of the effective dynamics we need to consider the following additional terms that have been neglected, so that the total Hamiltonian is H = H A + H B , where H B (t) = − Ω r 2 σ + e −i(−ν+δ r )t − Ω b 2 σ + e −i(ν+δ b )t + iηe iφ S Ω S 2 σ + (ae −iνt + a † e iνt ) + H.c.
